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ON A CLASS OF GEODESIC ORBIT SPACES WITH ABELIAN ISOTROPY
SUBGROUP
NIKOLAOS PANAGIOTIS SOURIS
Abstract. Riemannian geodesic orbit spaces (G/H, g) are natural generalizations of symmetric
spaces, defined by the property that their geodesics are orbits of one-parameter subgroups of G. We
study the geodesic orbit spaces of the form (G/S, g), where G is a compact, connected, semisimple
Lie group and S is abelian. We give a simple geometric characterization of those spaces, namely
that they are naturally reductive. In turn, this yields the classification of the invariant geodesic
orbit (and also the naturally reductive) metrics on any space of the form G/S. Our approach
involves simplifying the intricate parameter space of geodesic orbit metrics on G/S by reducing
their study to certain submanifolds and generalized flag manifolds, and by studying properties of
root systems of simple Lie algebras associated to these manifolds.
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Keywords: geodesic orbit space; geodesic orbit metric; compact homogeneous space; abelian isotropy
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1. Introduction
The classification of Riemannian symmetric spaces by E. Cartan has stimulated the study of
several classes of Riemannian manifolds that generalize notable properties of symmetric spaces.
Examples include the classes of isotropy irreducible spaces ([38]), weakly symmetric spaces ([30],
[39]), δ-homogeneous spaces ([9]) and Clifford-Wolf homogeneous spaces ([10]). All the aforemen-
tioned manifolds (M,g) share the property that their geodesics γ are orbits of one-parameter groups
of isometries, or equivalently, there exists a group G of isometries of (M,g) such that
γ(t) = exp(tX) · o,
where exp is the exponential map on G, o ∈M and · denotes the action of G onM . Manifolds with
this property are called geodesic orbit manifolds (or g.o. manifolds) and are extensively studied
for the last thirty years within the Riemannian, pseudo-Riemannian and Finsler geometric context
(see the recent studies/surveys [6], [12], [13], [18], [27], [40] and the references therein). Any g.o.
manifold (M,g) is homogeneous, that is M = G/H, where H is the (closed) isotropy subgroup
of a point in M . The corresponding Riemannian space (G/H, g) is called a g.o. space and the
G-invariant (invariant by the action of G) metric g is called a g.o. metric.
The most common examples of g.o. metrics are the naturally reductive metrics (Definition 2.4).
These are essentially the metrics induced from bi-invariant (pseudo-)Riemannian metrics of Lie
subgroups of G acting transitively on G/H (see for example [15], [25] or Theorem 2.6). On the
other hand, there exist non-naturally reductive g.o. metrics ([22]) but they are much more rare
than their naturally reductive counterparts. The prime examples of naturally reductive metrics
on compact spaces are the normal metrics (Definition 2.3), namely those metrics induced from
bi-invariant Riemannian metrics on G.
Riemannian naturally reductive spaces have been previously studied in [15], [16], [36], among
several other works. Their classification is open, while interesting structural and classification
results were recently obtained in the context of metric connections with skew-symmetric torsion
([1], [29], [32], [33]). As is the case with naturally reductive spaces, the full classification of g.o.
manifolds remains an open question. On the other hand, several partial classifications have been
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obtained ([4], [17], [24], [26], [35]), incuding the classification of the g.o. flag manifolds ([3]) and
the recent classification of the g.o. spaces with two isotropy summands ([14]).
The purpose of this paper is to study the class of g.o. spaces of the form (G/S, g), where G
is a compact, connected, semisimple Lie group and the isotropy subgroup S is abelian. Since the
possible embeddings of closed abelian subgroups in semisimple Lie groups are varied (for example,
non-maximal tori of a given dimension may not be conjugate), the spaces G/S form quite a large
class. An important aspect of this class is that several of its elements arise in partial classifications
of g.o. spaces (e.g. [3]) or when one seeks to classify g.o. spaces or naturally reductive spaces of a
given dimension ([1], [33]). Our result is the following simple characterization.
Theorem 1.1. Let (G/S, g) be a Riemannian homogeneous space where G is a compact, connected,
semisimple Lie group and S is abelian. Then (G/S, g) is a geodesic orbit space if and only if the
metric g is (G-)naturally reductive. In particular, (G/S, g) is a geodesic orbit space if and only if
the metric g is normal, that is, g is induced from a bi-invariant Riemannian metric on G.
Since the bi-invariant Riemannian metrics are in bijection with Ad-invariant inner products and the
latter are explicitly known for compact semisimple Lie algebras (Proposition 2.7), a consequence of
Theorem 1.1 is the classification of the invariant Riemannian geodesic orbit (and also the naturally
reductive) metrics on any space of the form G/S. The classification is given as follows.
Corollary 1.2. Let G/S be a homogeneous space where G is a compact, connected, semisimple Lie
group and S is abelian. Let g, s be the Lie algebras of G,S respectively, let B denote the negative
of the Killing form of g and consider the decomposition g =
⊕k
j=1 gj of g into simple ideals. Then
there is a one to one correspondence between (i) Riemannian G-invariant geodesic orbit metrics g
on G/S and (ii) restrictions to m˜ of inner products of the form Q =
∑k
j=1 µjB|gj×gj , µj > 0 (up
to homothety), where m˜ is the Q orthogonal complement of s in g.
When G is simple, the only Ad-invariant inner products on its Lie algebra are the scalar multiples
of the Killing form. As a result, we have the following.
Corollary 1.3. Let G/S be a homogeneous space where G is a compact, connected, simple Lie
group and S is abelian. A Riemannian G-invariant metric g on G/S is geodesic orbit if and only
if it is the standard metric induced from the Killing form.
Finally, Theorem 1.1 adds the spaces G/S to the class of spaces whose invariant g.o. metrics
are necessarily naturally reductive. The latter class includes all compact Lie groups (in fact any
left-invariant g.o. metric on a compact Lie group is necessarily bi-invariant), most compact, simply
connected spaces of positive Euler characteristic ([4]) and the Ledger-Obata spaces ([28]).
1.1. Overview of the approach. To establish the natural reductivity of the g.o. metrics on G/S,
our goal is for each such metric to show the linearity of a certain map ξ, called the geodesic graph,
whose domain is the tangent space m at the origin of G/S and its image lies in the Lie algebra of S
(Proposition 2.9). In general, the parameter space of the invariant metrics on a homogeneous space
G/H depends on the so-called isotropy representation of H on the tangent space at the origin, and
as a rule, the smaller the isotropy subgroup H is, the more complicated is the parameter space of
metrics (for further details see the related discussion in [37], p. 255-256, or the explicit description
of metrics in terms of the isotropy representation in [31]).
In particular, the parameter space of metrics on G/S is intricate because the isotropy representa-
tion of S contains numerous equivalent submodules (in fact, since S is abelian, any real irreducible
submodule is either one or two dimensional). More specifically, the large number of the irreducible
submodules implies that the parameter space of metrics has large dimension, while the equivalence
of the submodules, apart from further contributing to the increase of the dimension, also implies
that the metrics have no “obvious” diagonal form.
We simplify the parameter space of metrics on G/S in Section 3 by firstly assuming that S is
a torus, and then by observing, using a result of Alekseevsky and Nikonorov in [4], that any g.o.
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metric on G/S induces a g.o. metric on the flag manifold G/CG(S) and a bi-invariant metric
on the Lie group CG(S)/S, where CG(S) denotes the centralizer of S in G (in fact, the tangent
space of the flag manifold coincides with the sum of the two-dimensional submodules of S while
the Lie algebra of CG(S)/S coincides with the sum of the one-dimensional submodules). A large
extent of our subsequent work then relies on the classification of the g.o. metrics on flag manifolds
by Alekseevski and Arvanitoyeorgos in [3] and on the Lie-theoretic description of those manifolds,
which we provide in Section 4.
Apart from the aforementioned reduction, we use simplification techniques for g.o. metrics es-
tablished in [4] and [31], while we derive new results in this direction using Lie-theoretic arguments,
and in particular properties of root systems of simple Lie algebras and their subsystems associated
to flag manifolds (subsection 4.4). As a result, in Section 5 we obtain a simple, necessary form for
the g.o. metrics on G/S (Theorem 5.2), which leads to the proof of the first part of Theorem 1.1
in Section 6. To obtain the second part of Theorem 1.1, we apply Kostant’s characterization of
naturally reductive spaces (Theorem 2.6). In Section 6 we also prove Corollary 1.2.
2. Preliminaries
2.1. Invariant metrics and the metric endomorphism in G/H. Let G/H be a homogeneous
space and let o = eH be the origin of G/H. Denote by g, h the Lie algebras of G,H respectively.
Moreover, let Ad : G → Aut(g) and ad : g → End(g) be the adjoint representations of G and
g respectively, where adX Y = [X,Y ]. We assume that G/H is reductive, that is there exists a
decomposition
g = h⊕m.
such that AdH m ⊆ m. Then [h,m] ⊆ m, and m can be naturally identified with the tangent space
To(G/H). If G is compact, the algebra g admits an Ad-invariant inner product B (in turn, any
operator adX , X ∈ g, is skew symmetric with respect to B). In such a case, G/H is reductive and
we may choose m to be the B-orthogonal complement of h in g.
For x ∈ G, let τx : G/H → G/H denote the (left) action of x on G/H. A Riemannian metric g
on G/H is called G-invariant if the maps τx are isometries for all x ∈ G. A space G/H, equipped
with a G-invariant Riemannian metric g, is called a Riemannian homogeneous space and is denoted
by (G/H, g). The G-invariant Riemannian metrics g on G/H are in one to one correspondence
with AdH -invariant inner products g( , )o on m. In turn, if we fix an AdH -invariant inner product
B on m, the G-invariant Riemannian metrics g on G/H are in one to one correspondence with
metric endomorphisms A : m→ m, satisfying
g(X,Y )o = B(AX,Y ), X, Y ∈ m. (2.1)
When G is compact, we will always assume that the fixed product B is an Ad-invariant inner
product on g. Moreover, if G is semisimple, B will denote the negative of the Killing form of g.
Each metric endomorphism A is symmetric with respect to B, positive definite, AdH -equivariant
and adh-equivariant (i.e. A commutes with Adh for all h ∈ H and with adX for all X ∈ h).
Conversely, any endomorphism with the aforementioned properties corresponds to a unique G-
invariant Riemannian metric on G/H via Equation (2.1). Since A is diagonalizable, it induces a
B-orthogonal decomposition m =
⊕n
i=1mλi , where mλi are the (AdH -invariant) eigenspaces of A,
corresponding to pairwise distinct eigenvalues λi > 0. The general form of a metric endomorphism
is explicitly expressed in terms of the irreducible submodules of the isotropy representation χ :
H → Gl(m), given by χ(h)X = AdhX (see for example [31] or [37]), but we will not go into further
details here.
2.2. Geodesic orbit metrics, geodesic graphs and naturally reductive metrics.
Definition 2.1. A G-invariant Riemannian metric g on a homogeneous space G/H is called a
geodesic orbit metric (or a g.o. metric) if all geodesics of (G/H, g) are orbits of one-parameter
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subgroups of G. Equivalently, g is a geodesic orbit metric if for any geodesic γ of (G/H, g) there
exists a vector X ∈ g\{0} such that γ(t) = exp(tX) ·o. The space (G/H, g) is then called a geodesic
orbit space (or g.o. space).
A left-invariant metric g on a compact Lie group G is a g.o. metric if and only if it is bi-invariant
([4]). This is equivalent to the corresponding inner product g( , )e on g being Ad-invariant. If
G is connected, the bi-invariance of a metric g is equivalent to every operator adX ,X ∈ g, being
skew-symmetric. We also have the following.
Lemma 2.2. A left-invariant metric g on a compact, connected Lie group G is bi-invariant if and
only if the corresponding metric endomorphism A satisfies [X,AX] = 0 for all X ∈ g.
Proof. Fix an Ad-invariant inner product B on g. The metric g is bi-invariant if and only if
g([X,Y ],X)e = 0 for all X,Y ∈ g. By virtue of Equation (2.1) and the Ad-invariance of B, the
last equation is equivalent to 0 = B([X,Y ], AX) = −B(Y, [X,AX]) for all X,Y ∈ g, which yields
the desired result. 
The following defines the most natural class of g.o. metrics, namely those induced from bi-
invariant Riemannian metrics.
Definition 2.3. A G-invariant metric g on a homogeneous space G/H is called normal if there
exists an Ad-invariant inner product Q on the Lie algebra g of G such that
g( , )o = Q|m×m ,
where m is the Q-orthogonal complement of the Lie algebra h of H in g.
Hence, every homogeneous space G/H with G compact admits at least one normal metric and
thus at least one g.o. metric. When G is simple, the only normal metric g on G/H (up to homo-
thety) is the one induced from a scalar multiple of the Killing form of g. In that case, g is called
standard.
The well-known geodesic lemma of Kowalski and Vanhecke in [24] states that (G/H, g) is a g.o.
space if and only if there exists a map ξ : m→ h, called a geodesic graph, such that
g
(
[ξ(X) +X,Y ]m,X
)
o
= 0 for all X,Y ∈ m. (2.2)
The geodesic graph ξ was introduced by Szenthe in [34]. Its form roughly depends on the
embedding of H in G, and ξ may be non-differentiable at zero. We also remark that under the
assumption that (G/H, g) is a geodesic orbit space, a geodesic graph ξ may not be unique. The
simplest case arises when ξ ≡ 0 leading to the following definition.
Definition 2.4. A Riemannian homogeneous space (G/H, g) is called naturally reductive with
respect to the reductive decomposition g = h⊕m if
g([X,Y ]m, Z)o + g(Y, [X,Z]m)o = 0 for all X,Y,Z ∈ m,
or equivalently, if Equation (2.2) holds with ξ ≡ 0. More generally, the space (G/H, g) is called nat-
urally reductive (or G-naturally reductive) if it is naturally reductive with respect to some reductive
decomposition g = h⊕ m˜. The metric g is also called (G-)naturally reductive.
The following is a useful criterion for naturally reductive spaces in terms of the graph ξ.
Proposition 2.5. ([23], [24]), [34]) A Riemannian homogeneous space (G/H, g), with the reductive
decomposition g = h ⊕ m, is (G-)naturally reductive with respect to some reductive decomposition
g = h⊕ m˜ if and only if there exists an AdH-equivariant linear map ξ : m→ h such that condition
(2.2) is true. Moreover, in this case m˜ = {ξ(X) +X : X ∈ m}.
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Any normal metric on a space G/H with G compact is naturally reductive but the converse does
not hold. Moreover, any naturally reductive metric is geodesic orbit, but the converse also does
not hold. The prime example of a non-naturally reductive, geodesic orbit space is the generalized
Heisenberg group ([22]).
The action of G on G/H is called almost effective if any subgroup of H that is normal in G
is discrete. The following characterization of Kostant states that, under an almost effectiveness
condition, the naturally reductive metrics on G/H are precisely those metrics induced from bi-
invariant, possibly non-positive definite metrics of subgroups of G acting transitively on G/H.
Theorem 2.6. ([15], [25]) Let G/H be a connected homogeneous space such that G acts almost
effectively on G/H. Assume that g is a G-invariant Riemannian metric on G/H which is naturally
reductive with respect to the decomposition g = h ⊕ m. Then the space g˜ := m + [m,m] is an ideal
of g such that the corresponding connected subgroup G˜ of G acts transitively on G/H, and there
exists a unique Ad
G˜
-invariant, symmetric, non-degenerate bilinear form Q on g˜ (not necessarily
positive definite) such that
Q(h ∩ g˜,m) = {0} and Q|m×m = g( , )o.
Here h∩ g˜ is the isotropy algebra in g˜. Conversely, if G is connected, then for any AdG-invariant,
symmetric, non-degenerate bilinear form Q on g, which is also non-degenerate on h and positive
definite on m, the metric on G/H defined by g( , )o = Q|m×m is naturally reductive.
The following characterizes the Ad-invariant, symmetric, non-degenerate bilinear forms on com-
pact semisimple Lie algebras and thus the bi-invariant metrics on compact semisimple Lie groups
(see for example [15]).
Proposition 2.7. Let g be a compact semisimple Lie algebra and let B denote the negative of the
Killing form of g. Consider the B-orthogonal decomposition g = g1 ⊕ · · · ⊕ gk, of g into the simple
ideals gj. A bilinear form Q on g is Ad-invariant, symmetric and non-degenerate if and only if
Q = µ1B|g1×g1 + · · ·+ µkB|gk×gk where µj ∈ R∗. (2.3)
Moreover, Q is an inner product if and only if µj > 0, j = 1, . . . , k. Therefore, a left-invariant
Riemannian metric g on a compact semisimple Lie group G is bi-invariant if and only if the
corresponding product g( , )e on g has the form (2.3) with µj > 0, j = 1, . . . , k.
We close this subsection by turning our attention to some useful results for geodesic orbit met-
rics on compact spaces. We assume that G is a compact Lie group with Lie algebra g, and we
fix an Ad-invariant inner product B on g (if g is semisimple, B will denote the negative of the
Killing form). Moreover, if H is a closed subgroup of G with Lie algebra h, we fix a B-orthogonal
reductive decomposition g = h⊕m. For the rest of the paper, we will make no distinction between
a G-invariant metric g on G/H and its corresponding metric endomorphism A : m→ m satisfying
Equation (2.1). As a result, the notations (G/H, g), (G/H,A) will denote the same object.
The following is a necessary and sufficient algebraic condition for a G-invariant metric to be g.o.,
arising from condition (2.2).
Proposition 2.8. ([3], [31]) Let G be a compact Lie group. The Riemannian space (G/H,A) is a
g.o. space if and only if there exists a map ξ : m→ h such that
[ξ(X) +X,AX] = 0 for all X ∈ m. (2.4)
Accordingly, Proposition 2.5 is formulated as follows for G compact.
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Proposition 2.9. Let G be a compact Lie group and let (G/H, g) be a Riemannian homogeneous
space with the reductive decomposition g = h ⊕ m, and with corresponding metric endomorphism
A : m → m satisfying Equation (2.1). Then (G/H, g) is (G-)naturally reductive with respect to
some reductive decomposition g = h⊕ m˜ if and only if there exists an AdH-equivariant linear map
ξ : m→ h such that condition (2.4) is true. Moreover, m˜ = {ξ(X) +X : X ∈ m}.
For a g.o. space (G/H,A), let mλ1 ,mλ2 ⊂ m be two eigenspaces of A with respect to distinct
eigenvalues λ1, λ2 respectively. Assume that m1,m2 are adh-invariant subspaces such that m1 ⊆ mλ1
and m2 ⊆ mλ2 . Using Equation (2.4) and the adh-invariance of mλ1 and mλ2 , it is not hard to show
that
[m1,m2] ⊆ m1 ⊕m2, (2.5)
(see for example [4], Corollary 3). The above property is quite useful; It allows one to simplify
the possible form of the g.o. metrics by reducing the number of the distinct eigenvalues of the
corresponding metric endomorphism. In particular, we have the following result (see also ([31],
Proposition 5).
Lemma 2.10. Let (G/H,A) be a g.o. space with G compact. Assume that λ1, λ2 are eigenvalues
of A and that there exist adh-invariant subspaces m1,m2 of m satisfying the following:
1. A|m1 = λ1 Id and A|m2 = λ2 Id.
2. The space [m1,m2] has non-zero projection on (m1 +m2)
⊥.
Then λ1 = λ2.
Proof. Let mλ1 ,mλ2 be the corresponding eigenspaces of λ1, λ2. If λ1 6= λ2, then condition 1. in
the hypothesis yields mi ⊆ mλi , i = 1, 2. Relation (2.5) then yields [m1,m2] ⊆ m1 ⊕ m2, which
contradicts condition 2. in the hypothesis. 
2.3. Totally geodesic orbits and induced geodesic orbit spaces. Let (G/H, g) be a Rie-
mannian g.o. space with G compact, and let K be a closed subgroup of G containing H. Let h, k
be the Lie algebras of H,K respectively and consider the B-orthogonal decompositions k = h ⊕ p
and g = k⊕ q = h⊕ p⊕ q, so that decomposition g = h⊕m yields m = p⊕ q. The subspaces p and
q can be naturally identified with the tangent spaces To(K/H) and Tpi(o)(G/K) respectively, where
pi : G/H → G/K is the natural projection. The following result of Alekseevsky and Nikonorov
gives sufficient conditions for the induced inner products, g( , )o|p×p and g( , )o|q×q, to define g.o.
metrics on the spaces K/H and G/K respectively.
Proposition 2.11. ([4]) Let (G/H, g) be a g.o. space with G compact and with corresponding
metric endomorphism A. Then any closed, connected subgroup K of G, which contains H, has the
totally geodesic orbit P = Ko = K/H which is a g.o. space (with respect to the induced metric
g( , )o|p×p). Moreover, if the space p := k ∩ m is A-invariant then [k,m⊥] ⊆ m⊥, and the product
g( , )o|q×q is AdK-invariant and defines a G-invariant g.o. metric on the homogeneous manifold
G/K. The projection pi : G/H → G/K is a Riemannian submersion with totally geodesic fibers
such that the fibers and the base are g.o. spaces.
As a result, we obtain the following.
Corollary 2.12. Let (G/H, g) be a g.o. space with corresponding metric endomorphism A, and
let K be a closed, connected subgroup of G that contains H. If the space p := k ∩m is A-invariant
then the maps A|p and A|q are endomorphisms of p and q respectively. Moreover, A|p defines a
K-invariant g.o. metric on K/H and A|q defines a G-invariant g.o. metric on G/K.
Proof. If the space p is A invariant then A|p is an endomorphism. Moreover, the symmetry of A
with respect to B implies that B(Aq, p) ⊆ B(q, Ap) ⊆ B(q, p) = {0}. Therefore, Aq is orthogonal
to p, and the decomposition m = p⊕ q yields Aq ⊆ q. Hence, A|q is an endomorphism. Moreover,
g(X,Y )o = B(A|pX,Y ), for all X,Y ∈ p, and g(X,Y )o = B(A|qX,Y ), for all X,Y ∈ q. On
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the other hand, by Proposition 2.11, the products g( , )o|p×p and g( , )o|q×q define invariant g.o.
metrics on the spaces K/H and G/K respectively, and hence the same is true for their metric
endomorphisms A|p and A|q. 
3. Reduction results for g.o. metrics on G/S
We will henceforth assume the following.
Assumption 3.1. The group G is compact, connected, semisimple and S is a torus in G.
Let g, s be the Lie algebras of G,S respectively, let B denote the negative of the Killing form of
g and fix a B-orthogonal decomposition g = s⊕m. Moreover, let
CG(S) = {x ∈ G : xsx−1 = s for all s ∈ S}
be the centralizer of S in G. In this section we prove that any g.o. metric on G/S induces a
G-invariant g.o. metric on the space G/CG(S) and a bi-invariant metric on the compact Lie group
CG(S)/S (S is a normal subgroup of CG(S)). The space G/CG(S) is a generalized flag manifold;
One of the equivalent definitions of generalized flag manifolds is the following (see for example [5]).
Definition 3.2. Let G be a compact and connected semisimple Lie group. A generalized flag
manifold is a homogeneous space of the form G/CG(S), where S is a torus in G. If S is a maximal
torus then CG(S) = S, and G/S is called a full flag manifold.
The G-invariant Riemannian g.o. metrics on flag manifolds were classified by Alekseevski and
Arvanitoyeorgos in [3], who reduced the classification to flag manifolds of simple Lie groups. We
state the classification result which will be used in the sequel.
Theorem 3.3. ([3]) The only flag manifolds M = G/K of a simple Lie group G which admit an
invariant g.o. metric, not homothetic to the standard metric, are the manifolds SO(2l + l)/U(l)
of complex structures in R2l+2 and the complex projective space Sp(l)/(U(1) × Sp(l − 1)). These
manifolds admit a one-parameter family of invariant metrics (up to a scaling). All these metrics
are g.o. metrics and are weakly symmetric. Moreover, the corresponding spaces are not naturally
reductive.
Before we proceed to the main results of this section, set K := CG(S). Since S is connected, the
Lie algebra of K is
k = {Y ∈ g : [Y,X] = 0 for all X ∈ s}. (3.6)
Given that s ⊆ k, we consider the B-orthogonal decompositions k = s⊕ p and g = k⊕ q, so that the
tangent space at the origin of G/S decomposes as m = p⊕ q. Here p is the Lie algebra of CG(S)/S
and q is the tangent space at the origin of the flag manifold G/CG(S). We have the following.
Proposition 3.4. Let (G/S,A) be a g.o. space, where G is a compact, connected and semisimple
Lie group and S is a torus. Then both maps A|p and A|q are endomorphisms, and the spaces(
CG(S)/S, A|p
)
and
(
G/CG(S), A|q
)
are g.o. spaces. Moreover, the metric A|p on the Lie group
CG(S)/S is bi-invariant.
Proof. Firstly, the group K := CG(S) is connected ([20] p. 287). Then the first part of Proposition
3.4 will follow from Corollary 2.12 if we show that p is A-invariant. To this end, relation (3.6) and
the definition of p imply that p = k ∩ m = {Y ∈ m : [Y,X] = 0 for all X ∈ s}. Since A defines a
G-invariant metric on G/S, A is ads-equivariant. Therefore, [AY,X] = A[Y,X] = 0 for all Y ∈ p
and X ∈ s. Hence, AY ∈ p for all Y ∈ p, which yields the first part of the proposition.
To prove the bi-invariance of A|p, firstly observe that since S is compact, K is also compact,
and thus K/S is a compact Lie group. Moreover, K/S is connected as K is connected. The metric
endomorphism A|p corresponds to an inner product B(A|p · , · )
∣∣∣
p×p
on the Lie algebra p of K/S,
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and hence it defines a left-invariant metric on K/S. By Lemma 2.2, it suffices to show that A|p
satisfies the equation [AX,X] = 0 for all X ∈ p. Since (G/S,A) is a g.o. space, by Proposition 2.8
there exists a map ξ : m→ s such that
[ξ(X) +X,AX] = 0 for all X ∈ p. (3.7)
But Ap ⊆ p ⊂ k. Hence, [ξ(X), AX] = 0 which, in view of Equation (3.7), yields [AX,X] = 0. 
We have proven that any G-invariant g.o. metric A on G/S has the form A =
(
A|p 0
0 A|q
)
, where
each block defines a g.o. metric on the corresponding spaces G/K and K/S, where K = CG(S).
Furthermore, consider the decomposition
g = g1 ⊕ · · · ⊕ gk,
of g into the B-orthogonal, Lie-algebra direct sum of its simple ideals gj , j = 1, . . . , k. Since the
algebra k has maximal rank in g, we have k = k1 ⊕ · · · ⊕ kk, where kj = k ∩ gj. Consider the B-
orthogonal decompositions gj = kj⊕qj , j = 1, . . . , k. Then the tangent space q at the origin of the
flag manifold G/K decomposes as q = q1 ⊕ · · · ⊕ qk, where [qi, qj ] = {0} for i 6= j, and each space
qj is the tangent space of a flag manifold Gj/Kj with Gj simple. The restriction A|q defines a G-
invariant g.o. metric on G/K, therefore A|q is AdK -equivariant, and hence adkj -equivariant. Since
Kj is connected (Kj is the centralizer of a torus in Gj), each restriction A|qj is AdKj -equivariant
and thus A|qj is an endomorphism of qj , which in turn defines a g.o. metric on the corresponding
flag manifold Gj/Kj . In summary, we have the following.
Proposition 3.5. Let G/S be homogeneous space where G is a compact, connected and semisimple
Lie group and S is a torus. Let K be the centralizer of S in G, and let g, s, k be the Lie algebras
of G,S,K respectively. Denote by B the negative of the Killing form of g and consider the B-
orthogonal decomposition g = s⊕m. Moreover, decompose g =⊕kj=1 gj into the sum of its simple
ideals gj, set kj := k∩gj and let qj be the B-orthogonal complement of kj in gj. Then m decomposes
as
m = p⊕ q1 ⊕ · · · ⊕ qk,
where p is the B-orthogonal complement of s in k and coincides with the Lie algebra of the compact
Lie group K/S, while each qj is the B-orthogonal complement of kj in gj and coincides with the
tangent space at the origin of a generalized flag manifold Gj/Kj with Gj simple. Moreover, any
G-invariant g.o. metric A on G/S has the form
A =

A|p 0 · · · 0
0 A|q1 · · · 0
0 0
. . . 0
0 0 · · · A|qk
 ,
where the endomorphism A|p defines a bi-invariant (g.o.) metric on K/S and each endomorphism
A|qj defines a Gj-invariant g.o. metric on the corresponding flag manifold Gj/Kj .
4. Lie theoretic description of flag manifolds and their isotropy algebras
In the previous section we showed that an invariant g.o. metric A on G/S induces invariant
g.o. metrics on flag manifolds of simple Lie groups. In this section we will provide a Lie theoretic
description of the structure of those flag manifolds and the Lie algebras of their isotropy groups.
The section is concluded with two lemmas which will be useful for further simplifying the g.o.
metrics on G/S. For further details on the preliminary results of this section and on the Lie
theoretic description of flag manifolds, we refer to [2], [3], [8], [11]. To be consistent with the
notation of the previous section, assume that Gj/Kj is a generalized flag manifold where Gj is a
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compact, connected, simple Lie group and Kj is the centralizer of a torus in Gj . Let gj , kj be the
Lie algebras of the groups Gj ,Kj respectively.
4.1. Some preliminaries on root systems. We firstly recall some useful preliminary results on
root systems for which we refer to [20] and [21].
Denote by gCj the complexification of the algebra gj. Let Rj ⊂ (hCj )∗ be the root system of
gCj with respect to a Cartan subalgebra h
C
j of g
C
j . Let R
+
j be the subset of positive roots and
let Πj = {α1, α2, . . . , αlj} ⊂ R+j be the set of simple roots so that each α ∈ Rj is written as
α =
∑lj
i=1 ciαi, where either all ci are non-negative integers (in which case α ∈ R+j ) or all ci are
non-positive integers. Consider the root decomposition gCj = h
C
j ⊕
∑
α∈Rj
gα, where
gα = {X ∈ gCj : [H,X] = α(H)X for all H ∈ hCj }
are the corresponding (one-dimensional) root spaces. Recall also the relation
[gα, gβ] =
{
gα+β, if α+ β ∈ Rj,
{0}, if α+ β /∈ Rj . (4.8)
We denote by Bj the Killing form of g
C
j . The restriction of Bj to gj is the Killing form of gj ([20]
p. 180), and we will denote it again by Bj. The form Bj is non-degenerate on h
C
j , and we define
an isomorphism (hCj )
∗ → hCj by assigning to each root α ∈ (hCj )∗ a unique root vector Hα ∈ hCj via
the equation Bj(Hα,H) = α(H) for all H ∈ hCj . Moreover, we have α(Hα) 6= 0 for all α ∈ Rj. For
α, β ∈ Rj , we set
(α, β) := Bj(Hα,Hβ) and 〈α, β〉 := 2(α, β)
(β, β)
.
If α, β ∈ Rj with α 6= ±β, then there exist non-negative integers r, q such that α+mβ ∈ Rj for all
integers m satisfying −r ≤ m ≤ q. Moreover, assume that r is the maximum non-negative integer
such that α− rβ ∈ Rj and q is the maximum non-negative integer such that α+ qβ ∈ Rj . Then
r − q = 〈α, β〉 = 2(α, β)
(β, β)
.
In turn, we have the following.
Lemma 4.1. Let α, β ∈ Rj with α 6= ±β. Then the following are true:
(i) If α+ β /∈ Rj and α− β /∈ Rj then (α, β) = 0.
(ii) If α+ β ∈ Rj and α− β /∈ Rj then (α, β) < 0.
(iii) If (α, β) < 0 then α+ β ∈ Rj.
(iv) If α, β are simple then (α, β) ≤ 0.
Finally, we note that since gj is simple and since it can be regarded as the Lie algebra of a
compact matrix group, the complexification gCj is also simple ([19] p. 185). Therefore, the root
system Rj is irreducible or equivalently, if there exist sets Πj1 ,Πj2 such that Πj = Πj1 ∪Πj2 with
Πj1 ∩Πj2 = ∅ and (Πj1 ,Πj2) = {0}, then either Πj1 or Πj2 is empty.
4.2. Lie theoretic description of flag manifolds. We will now focus on the flag manifolds
Gj/Kj , of the compact simple Lie groups Gj , their isotropy algebras kj and the corresponding
tangent spaces qj , i.e. the orthogonal complements of kj in gj with respect to the Killing form.
Denote by kCj , q
C
j ⊂ gCj the complexifications of kj , qj respectively.
There exists a subset ΠKj of Πj such that k
C
j = h
C
j ⊕
∑
α∈RKj
gα, where
RKj := spanZ(ΠKj ) = {α ∈ Rj : α =
∑
αi∈ΠKj
ciαi}.
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We set ΠMj := Πj \ ΠKj and we consider the set RMj := Rj \RKj of the complementary roots, so
that Πj = ΠKj ∪ΠMj and Rj = RKj ∪RMj . Then qCj =
∑
α∈RMj
gα.
Remark 4.2. The flag manifold Gj/Kj is completely determined by the subset ΠMj 6= ∅ of Πj .
The construction of Gj/Kj from ΠMj is visualized in the painted Dynkin diagram of g
C
j (see for
example [3], [11] or Example 4.3 in the next subsection), where the painted roots correspond to ΠMj .
To obtain the root space decompositions for the real forms gj, kj , qj , we firstly make the identi-
fication
hj = spanR{
√−1Hα : α ∈ Rj}.
Consider the sets R+Kj = RKj∩R+j , R+Mj = RMj∩R+j , and observe that ΠKj ⊂ R+Kj and ΠMj ⊂ R+Mj .
The algebra gCj admits a Weyl basis {Hα, Eα : α ∈ Rj}, where Eα ∈ gα and [Eα, Eβ] = Nα,βEα+β.
Here, Nα,β 6= 0 if and only if α+β ∈ Rj, andN−α,−β = −Nα,β. Consider the vectors Aα := Eα−E−α
and Bα :=
√−1(Eα + E−α). We set
mα := spanR{Aα, Bα}, α ∈ R+j . (4.9)
The real forms gj, kj , qj admit the orthogonal decompositions (with respect to the Killing form)
gj = hj ⊕
∑
α∈R+j
mα, kj = hj ⊕
∑
α∈R+
Kj
mα and qj =
∑
α∈R+
Mj
mα. (4.10)
For Xα = cAα + dBα ∈ mα, set X¯α := cBα − dAα ∈ mα. Then for any
√−1Hβ ∈ hj we obtain
[
√−1Hβ,Xα] = α(Hβ)X¯α. Therefore, [hj ,mα] ⊆ mα and in particular
[Y,Xα] = α(Y )X¯α for all Y ∈ hj , Xα ∈ mα. (4.11)
Moreover, in view of relation (4.8) and the definition of the spaces mα we obtain
[mα,mβ] ⊆
{
mα+β +m|α−β|, if α+ β ∈ Rj or α− β ∈ Rj ,
{0} , otherwise. , (4.12)
More importantly, if Xα ∈ mα \ {0} and Xβ ∈ mβ \ {0}, such that α+ β ∈ Rj or α− β ∈ Rj , then
[Xα,Xβ ] 6= 0. Observe also that if α ∈ RKj , β ∈ RMj and α + β ∈ Rj, then α+ β ∈ RMj . Hence,
in view of decompositions (4.10) and relations (4.11) and (4.12), we obtain [kj , qj ] ⊆ qj .
The center tj of kj lies in hj and is given by
tj = {X ∈ hj : α(X) = 0 for all α ∈ RKj} = {X ∈ hj : α(X) = 0 for all α ∈ ΠKj}. (4.13)
We also have the orthogonal decomposition hj = tj ⊕ t′j , with respect to the Killing form, where
t′j = spanR{
√−1Hα : α ∈ ΠKj}. (4.14)
Hence, the isotropy algebra kj of the flag manifold Gj/Kj decomposes as
kj = tj ⊕ t′j ⊕
∑
α∈R+
Kj
mα. (4.15)
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4.3. The flag manifolds SO(2l + 1)/U(l) and Sp(l)/(U(1)× Sp(l− 1)). Assume that Gj/Kj is
one of the flag manifolds SO(2l + 1)/U(l) or Sp(l)/(U(1) × Sp(l− 1)) which, by Theorem 3.3, are
the only flag manifolds of simple Lie groups admitting non-standard g.o. metrics. We will briefly
describe the tangent space of Gj/Kj and the Gj-invariant g.o. metrics. We will also provide a
simple example for SO(7)/U(3). To those ends, we take into account results from [3] and [7].
For both manifolds Gj/Kj , we have the decomposition qj = q
1
j ⊕ q2j of the tangent space at the
origin into two AdKj -invariant, irreducible and inequivalent submodules q
1
j and q
2
j . The metric
endomorphism A : qj → qj of any Gj-invariant metric on Gj/Kj is given (up to homothety) by the
diagonal form
(
Id|q1j 0
0 λj Id|q2j
)
, λj > 0. According to the results in [3], and more specifically
Theorem 3.3, all the above metrics on Gj/Kj are g.o. metrics.
To further describe the submodules q1j , q
2
j , recall the subsets ΠKj ,ΠMj , RKj , RMj of the root
system Rj of g
C
j , as given in subsection 4.2. For a root α ∈ Rj and a simple root αi ∈ Πj , let
ci(α) be the (integer) coefficient of α in αi. For each manifold Gj/Kj , we have ΠMj = {α0} where
α0 is a simple root such that max{c0(α) : α ∈ Rj} = 2. Then RMj = {α ∈ R : c0(α) 6= 0} and
R+Mj = R
1
Mj
∪R2Mj , where
R1Mj = {α ∈ R+Mj : c0(α) = 1} and R2Mj = {α ∈ R+Mj : c0(α) = 2}.
Moreover, we have
q1j =
∑
α∈R1
Mj
mα and q2j =
∑
α∈R2
Mj
mα, (4.16)
where the subspaces mα are given by relation (4.9). Observe that if β1 ∈ R1Mj , β2 ∈ R2Mj and
β1 + β2 ∈ Rj or β1 − β2 ∈ Rj , then β1 + β2 ∈ R1Mj or β1 − β2 ∈ R1Mj respectively. Therefore,
relations (4.12) yield
[q1j , q
2
j ] ⊆ q1j . (4.17)
Example 4.3. (The flag manifold Gj/Kj = SO(7)/U(3)) The root system Rj = b3 of g
C
j = so(7)
C
is given by b3 = {±el (1 ≤ l ≤ 3), ±el ± em (1 ≤ l 6= m ≤ 3, ± independent}, corresponding
to the space V = spanR{e1, e2, e3} (see for example [20] p. 462). The set of simple roots is
Πj = {α1, α2, α3} where α1 = e1 − e2, α2 = e2 − e3 and α3 = e3. The flag manifold SO(7)/U(3)
corresponds to ΠMj = {α3}, painted black in the Dynkin diagram of b3 as follows.
α1 α2 α3
Then R+Kj = {α1, α2, α1+α2} and R+Mj = {α3, α2+α3, α2+2α3, α1+α2+α3, α1+α2+2α3, α1+
2α2+2α3}. Moreover, R1Mj = {α3, α2+α3, α1+α2+α3} and R2Mj = {α2+2α3, α1+α2+2α3, α1+
2α2 + 2α3}. Therefore,
kj = u(3) = hj ⊕ (mα1 +mα2 +mα1+α2),
q1j = m
α3 +mα2+α3 +mα1+α2+α3 and
q2j = m
α2+2α3 +mα1+α2+2α3 +mα1+2α2+2α3 .
4.4. Two lemmas for flag manifolds. We conclude this section with two technical lemmas. The
first lemma concerns the flag manifolds SO(2l+1)/U(l) and Sp(l)/(U(1)×Sp(l− 1)). The second
lemma establishes a general property of roots associated to flag manifolds. These lemmas will be
used for simplifying the g.o. metrics on G/S in Section 5.
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Lemma 4.4. Let Gj/Kj be one of the flag manifolds SO(2l+1)/U(l) or Sp(l)/(U(1)×Sp(l− 1)),
and let q1j , q
2
j be given by relations (4.16). Then the following are true:
(i) [q1j , q
2
j ] 6= {0}.
(ii) For any non-zero vector ξ in the center tj of kj and for any non-zero vector X2 in q
2
j , [ξ,X2]
is a non-zero vector in q2j .
Proof. Each positive root can be written in the form αi1 + · · · + αin where αim , m = 1, . . . , n, are
simple, not necessarily distinct roots such that each partial sum αi1+ · · ·+αis , s ≤ n, is a root ([21]
p. 50). For part (i), recall that ΠMj = {α0} and recall the definitions of R1Mj , R2Mj in subsection
4.3. Choose a root α˜ ∈ R2Mj . By the definition of R2Mj , α˜ has the form
α˜ =
∑
αi∈ΠKj
ciαi + 2α0. (4.18)
Write α˜ in the form αi1 + · · ·+αin such that each partial sum αi1 + · · ·+αis , s ≤ n, is a root, and
let n0 be the second index among 1, . . . , n such that αin0 = α0. Set
β := αi1 + · · ·+ αin0−1 and γ := αi1 + · · ·+ αin0 .
The definition of n0 implies that β ∈ R1Mj , γ ∈ R2Mj and γ −α0 = β. Let Xγ ∈ mγ \ {0} ⊂ q2j \ {0}
and Xα0 ∈ mα0 \ {0} ⊂ q1j \ {0}. Then by relation (4.12) and the short discussion following it, we
conclude that [Xγ ,Xα0 ] 6= 0 which yields the desired result.
For part (ii), let X2 ∈ q2j \ {0}, and let ξ ∈ tj such that [ξ,X2] = 0. We will prove that ξ = 0.
Write X2 =
∑
α∈R2
Mj
Xα, where Xα ∈ mα, and choose a root α˜ ∈ R2Mj such that Xα˜ 6= 0 (such a
root exists since X2 6= 0). Our hypothesis that [ξ,X2] = 0, the fact that ξ ∈ hj , Equation (4.11)
and the linear independence of the vectors Xα in the expression X2 =
∑
α∈R2
Mj
Xα imply that
α˜(ξ) = 0. (4.19)
By the definition of R2Mj , α˜ has the form (4.18). On the other hand, the definition (4.13) of
tj implies that αi(ξ) = 0 for all αi ∈ ΠKj , and in particular (
∑
αi∈ΠKj
ciαi)(ξ) = 0. Hence,
Equation (4.19) yields α0(ξ) = 0. Since ΠMj = {α0}, we deduce that α(ξ) = 0 for all α ∈ Rj =
spanZ(ΠKj ∪ ΠMj). Then in view of decomposition (4.10) for gj we conclude that ξ lies in the
center of gj. But gj is simple and hence ξ = 0. 
Before we proceed to the second lemma, we recall the sets RKj , RMj ⊂ Rj and ΠKj ,ΠMj ⊂ Πj,
corresponding to a flag manifold Gj/Kj , as defined in subsection 4.2. Recall also that Rj is
irreducible and that ΠMj 6= ∅ and RMj 6= ∅.
Lemma 4.5. Assume that ΠKj 6= ∅. Then for any root α ∈ R+Kj there exists a root β ∈ RMj such
that α+ β ∈ RMj .
Proof. Firstly, observe that if α ∈ R+Kj and β ∈ ΠMj then α−β /∈ Rj, otherwise, the difference α−β
would have a positive coefficient in at least one of the simple roots in ΠKj and a negative coefficient
in the simple root β which is impossible. Secondly, if α ∈ R+Kj , β ∈ RMj and α + β ∈ Rj , then
α+ β ∈ RMj . Therefore, under the hypotheses of the lemma, it suffices to show that α+ β ∈ Rj.
Assume that ΠKj = {α1, . . . , αs}. For α ∈ R+Kj , write
α =
s∑
i=1
ciαi where ci ≥ 0 and αi ∈ ΠKj . (4.20)
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Let n = n(α) be the number of zero coefficients ci in Equation (4.20). Then 0 ≤ n(α) ≤ s− 1. The
proof of the lemma will be concluded if we show that for each n ∈ N with 0 ≤ n ≤ s − 1 and for
each α ∈ R+Kj with n(α) = n there exists a root β ∈ RMj such that α + β ∈ Rj . To this end, we
will use induction on n.
For n = 0, assume on the contrary that there exists a root α ∈ R+Kj , with n(α) = 0, such that
α + β /∈ Rj for all roots β ∈ RMj . Then α + β /∈ Rj for all roots β ∈ ΠMj . By taking also into
account that α − β /∈ Rj for all β ∈ ΠMj , part (i) of Lemma 4.1 implies that (α, β) = 0 for all
β ∈ ΠMj . Therefore, Equation (4.20) yields
0 = (α, β) =
s∑
i=1
ci(αi, β) for all β ∈ ΠMj . (4.21)
On the other hand, part (iv) of lemma 4.1 implies that (αi, β) ≤ 0, and given that ci > 0 for all
i = 1, . . . , s, we conclude from Equation (4.21) that (αi, β) = 0 for all αi ∈ ΠKj and β ∈ ΠMj .
But this is equivalent to (ΠKj ,ΠMj ) = {0} which, in view of the facts that ΠKj ,ΠMj 6= ∅ and
ΠKj ∪ΠMj = Πj , contradicts the irreducibility of Rj . This completes the induction step for n = 0.
Assume that the induction hypothesis holds for all α ∈ R+Kj with n(α) = N , and let α ∈ R+Kj
with n(α) = N + 1. Then by the definition of n(α) and in view of Equation (4.20), we obtain
α =
s−(N+1)∑
m=1
cimαim , where cim > 0 and αim ∈ ΠKj . (4.22)
Set
Π1Kj := {αi1 , . . . , αis−(N+1)} ⊂ ΠKj , Π2Kj := ΠKj \ Π1Kj and R1Kj := spanZ(Π1Kj ).
Then α ∈ R1Kj , ΠKj = Π1Kj ∪ Π2Kj and Πj = Π1Kj ∪ Π2Kj ∪ ΠMj . Moreover, the sets Π1Kj ,Π2Kj and
ΠMj are pairwise disjoint. To conclude the induction for n(α) = N + 1, once more assume the
following.
Assumption 4.6. For all roots β ∈ RMj , α+ β /∈ Rj.
We will show that this assumption leads to a contradiction, which will conclude the induction and
the proof. If Assumption 4.6 is true, then by using the same argument as in the step for n = 0, we
deduce that
(Π1Kj ,ΠMj ) = {0}. (4.23)
Moreover, there exists a root αi0 ∈ Π2Kj such that α + αi0 ∈ Rj ; Otherwise, in view of expression
(4.22), the same argument as in the step for n = 0 would imply that (Π1Kj ,Π
2
Kj
) = {0} which,
along with Equation (4.23), would yield (Π1Kj ,Π
2
Kj
∪ ΠMj ) = {0} and thus would contradict the
irreducibility of Rj = spanZ
(
Π1Kj ∪Π2Kj ∪ΠMj
)
. Since α+ αi0 ∈ Rj , Equation (4.22) yields
α+ αi0 =
s−(N+1)∑
m=1
cimαim + αi0 ∈ R+Kj , where cim > 0.
Hence n(α+ αi0) = N . By the induction hypothesis, there exists a root β ∈ RMj such that
α+ αi0 + β ∈ Rj. (4.24)
Let L be the largest non-negative integer such that β + L(α + αi0) ∈ Rj. Relation (4.24) implies
that L ≥ 1. We also note that since β 6= ±(α+ αi0), we have β + k(α+ αi0) ∈ RMj for all k with
0 ≤ k ≤ L. We set βL := −(β + L(α + αi0)) ∈ RMj . By the definition of L, βL satisfies both the
following properties:
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a) α+ (αi0 + βL) ∈ RMj and b) α+ (αi0 − βL) /∈ RMj .
Taking into account the above properties and the fact that α + αi0 ∈ Rj, part (ii) of Lemma 4.1
implies that (α+ αi0 , βL) < 0. But relation (4.23) implies that (α, βL) = 0 and thus (αi0 , βL) < 0.
Part (iii) of Lemma 4.1 then yields αi0 + βL ∈ Rj , and in fact αi0 + βL ∈ RMj . Then by property
a), Assumption 4.6 is contradicted and the induction is concluded. 
5. Necessary form for g.o. metrics on G/S
Let (G/S, g) be a g.o. space with G compact, connected, semisimple and S a torus in G. In this
section we obtain a necessary form for g. As in the previous sections, let g = g1 ⊕ · · · ⊕ gk be the
Lie algebra of G, where gj are its simple ideals. Let B denote the negative of the Killing form of
g, let s be the Lie algebra of the torus S and let m = To(G/S) be the B-orthogonal complement
of s in g. Moreover, let A : m → m be the corresponding metric endomorphism of g, satisfying
g(X,Y )o = B(AX,Y ), X,Y ∈ m.
We recall that k = k1 ⊕ · · · ⊕ kk is the Lie algebra of the centralizer K = CG(S) of S in G, where
kj = k ∩ gj . We also recall the B-orthogonal complement p of s in k, which coincides with the Lie
algebra of K/S, and the B-orthogonal complements qj of kj in gj , each of which coincides with the
tangent space at the origin of a flag manifold Gj/Kj .
Let h = h1 ⊕ · · · ⊕ hk be a Cartan subalgebra of g, where hj are Cartan subalgebras of gj. We
recall the center tj of kj , given by relation (4.13). Set
f := t1 ⊕ · · · ⊕ tk. (5.25)
Finally, let pij : g → gj, j = 1, . . . , k, be the linear projections of g on gj, which are Lie algebra
homomorphisms. We have the following.
Lemma 5.1. The projection pij(s) lies in the center tj of kj , j = 1, . . . , k.
Proof. Taking into account the facts that pij is a homomorphism, s is abelian and [gi, gj] = {0} for
i 6= j, we obtain [pij(s), s] = [pij(s), pij(s)] = pij([s, s]) = {0}. Hence, pij(s) centralizes s and thus
pij(s) lies in kj = k ∩ gj. On the other hand, since k centralizes s we obtain [pij(s), kj ] = pij([s, k]) =
{0}, and thus concluding that pij(s) ⊆ tj. 
From Lemma 5.1 we deduce that pij(s) ⊆ tj ⊆ hj and s ⊆ f ⊂ h. Consider the B-orthogonal
decomposition
f = s⊕ s′.
By the definition of p and the decomposition (4.15) of kj , we obtain p = s
′⊕⊕kj=1 (t′j⊕∑α∈R+
Kj
mα
)
,
where t′j is given by relation (4.14). Set
pj := t
′
j ⊕
∑
α∈R+
Kj
mα. (5.26)
In other words, pj is the B-orthogonal complement of tj in kj . Then p = s
′⊕p1⊕· · ·⊕pk. Therefore,
m = s′ ⊕ p1 ⊕ · · · ⊕ pk︸ ︷︷ ︸
p
⊕ q1 ⊕ · · · ⊕ qk︸ ︷︷ ︸
q
. (5.27)
The main result of this section is the following.
Theorem 5.2. Let (G/S,A) be a Riemannian geodesic orbit space where G is a compact, connected,
semisimple Lie group and S is a torus. Then A : m→ m has the form
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A =

A|s′ 0 · · · 0
0 λ1 Id|p1⊕q1 · · · 0
0 0
. . . 0
0 0 · · · λk Id|pk⊕qk
 , λj > 0. (5.28)
5.1. Proof of Theorem 5.2. Our main guide in proving Theorem 5.2 is Proposition 3.5, from
which we recall the necessary form A =

A|p 0 · · · 0
0 A|q1 · · · 0
0 0
. . . 0
0 0 · · · A|qk
. Taking into account decompo-
sition (5.27), in order to prove Theorem 5.2, it suffices to prove the following three results.
Proposition 5.3. If A is a g.o. metric on G/S then each endomorphism A|qj : qj → qj is equal
to λj Id for some λj > 0.
Proposition 5.4. If A is a g.o. metric on G/S then each endomorphism A|pj : pj → pj is equal
to λj Id, where λj is the same as in Proposition 5.3.
Proposition 5.5. If A is a g.o. metric on G/S then A|s′ is an endomorphism of s′.
Let us firstly prove a simple linear-algebraic result.
Lemma 5.6. Let V be a vector space and let A : V → V be a diagonalizable endomorphism.
Assume that W is a subspace of V such that any eigenvector of A with non-zero projection on W
has eigenvalue λ. Then A|W = λ Id.
Proof. Let λ1, . . . , λn be the pairwise distinct eigenvalues of A that are different from λ. For an
eigenvalue λi, let mλi ⊆ V be the corresponding eigenspace. Since A is diagonalizable, we can write
V = mλ ⊕ m⊥λ , where m⊥λ =
⊕n
i=1mλi . Moreover, write V = W ⊕W⊥. The hypothesis of the
lemma implies that mλi ⊆W⊥ for all i = 1, . . . , n. Therefore, m⊥λ ⊆W⊥ hence W ⊆ mλ. 
We proceed with the proofs of Propositions 5.3, 5.4 and 5.5.
Proof of Proposition 5.3. If qj is not the tangent space of one of the flag manifolds SO(2l+1)/U(l)
and Sp(l)/(U(1)× Sp(l− 1)), then by Theorem 3.3, A|qj is standard. Hence, A|qj = λj Id. If qj is
the tangent space of SO(2l + 1)/U(l) or Sp(l)/(U(1) × Sp(l − 1)), then we recall from subsection
4.3 that A|qj is homothetic to (
Id|q1j 0
0 λj Id|q2j
)
, λj > 0. (5.29)
It suffices to prove that λj = 1.
By part (i) of Lemma 4.4, we may choose X1 ∈ q1j and X2 ∈ q2j such that [X1,X2] 6= 0. More
specifically, relation (4.17) yields
[X1,X2] ∈ q1j \ {0}. (5.30)
Since A defines a g.o. metric on G/S, by Proposition 2.8, for the vector X := X1 + X2 ∈ qj
there exists a vector ξ(X) in the Lie algebra s of S such that [ξ(X) +X,AX] = 0. Applying the
map pij and taking into account the fact that X,AX ∈ qj , we obtain 0 = pij
(
[ξ(X) +X,AX]
)
=
[pij(ξ(X)) +X,AX]. In view of the form (5.29) of A|qj , the last condition is equivalent to
[pij(ξ(X)),X1] + λj [pij(ξ(X)),X2] + (λj − 1)[X1,X2] = 0. (5.31)
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The ads-invariance of q
1
j and q
2
j along with the fact that ξ(X) ∈ s, imply that [pij(ξ(X)),Xi] =
pij([ξ(X),Xi]) ∈ qij , i = 1, 2. Then along with the fact that q1j , q2j are B-orthogonal and relation
(5.30), Equation (5.31) yields
λj [pij(ξ(X)),X2] = 0. (5.32)
On the other hand, Lemma 5.1 implies that pij(ξ(X)) ∈ tj; Along with the facts that λj > 0 and
X2 6= 0, and by virtue of part (ii) of Lemma 4.4, Equation (5.32) yields pij(ξ(X)) = 0. Substituting
pij(ξ(X)) = 0 into Equation (5.31) we deduce that (λj − 1)[X1,X2] = 0. Since [X1,X2] 6= 0, we
conclude that λj = 1. 
Proof of Proposition 5.4. Let λj be as in Proposition 5.3. Recall the set RKj defined in subsection
4.2. If RKj = ∅, by decomposition (4.15), the definition (4.14) of t′j and relation (5.26), we obtain
pj = {0} and hence Proposition 5.4) holds trivially. Assume that RKj 6= ∅. Since A|p is a
diagonalizable endomorphism and pj ⊆ p, there exists an eigenvector v ∈ p of A|p with non-zero
projection upj on pj . Let v be such an eigenvector and let λ be the corresponding eigenvalue of v.
In view of Lemma 5.6 for V = p and W = pj , it suffices to show that λ = λj.
According to the decomposition p = s′ ⊕ p1 ⊕ · · · ⊕ pk, write v = vs′ + vp1 + · · · + vpk (here the
subscripts denote the projection of v to the corresponding subspaces). Observe that the projection
of v on gj is given by pij(v) = pij(vs′) + vpj , and write
vpj = vt′j +
∑
α∈R+
Kj
Xα, Xα ∈ mα, (5.33)
according to the decomposition (5.26) of pj . Then
pij(v) = pij(vs′) + vt′j +
∑
α∈R+
Kj
Xα, Xα ∈ mα. (5.34)
In view of Equation (5.33), our assumption that vpj 6= 0 implies that at least one of the following
cases is true:
Case I)
∑
α∈R+
Kj
Xα 6= 0. Case II)
∑
α∈R+
Kj
Xα = 0 and vt′j 6= 0.
We will prove that in any of the above cases, the eigenvalue λ of v is equal to λj , which will conclude
the proof of the proposition.
For Case I), our goal is to apply Lemma 2.10 for suitable subspaces in order to conclude that
λ = λj. To this end, let mλ ⊆ p be the eigenspace of A|p corresponding to the eigenvalue λ. By
the assumption for Case I), at least one vector Xα0 , α0 ∈ R+Kj , is non-zero. By Lemma 4.5, there
exists a root β ∈ RMj such that α0+β ∈ RMj . Set γ1 := α0+ |β|, γ2 := |α0− |β|| and let X|β| be a
non-zero vector in m|β| ⊂ qj . Since α0+ β ∈ RMj , at least one of the covectors γ1, γ2 is a root, and
if it is a root then it is a positive one. Then along with relation (4.12) and the discussion following
it, we deduce that [Xα0 ,X|β|] is a non-zero vector in m
γ1 +mγ2 . We claim the following.
Claim 5.7. There does not exist a root α′0 ∈ R+Kj , different from α0, such that |α′0 ± |β|| = γ1 or
|α′0 ± |β|| = γ2.
Proof of Claim 5.7. If there exists a root α′0 ∈ R+Kj such that |α′0 ± |β|| = γ1 or |α′0 ± |β|| = γ2,
then one of the following cases is true:
a) α′0 = α0, b) α
′
0 = −α0, c) |α′0 ± α0| = 2|β|.
Since α′0, α0 ∈ R+j , case b) is rejected. Case c) is also rejected because the covector |α′0 ± α0| has
zero coefficients in all simple roots in ΠMj while the covector 2|β| has a non-zero coefficient in at
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least one of the simple roots in ΠMj . Therefore, α
′
0 = α0. 
Taking into account Claim 5.7 and relations (4.12), we conclude that the projection of the vector
[
∑
α∈R+
Kj
Xα,X|β|] on m
γ1+mγ2 coincides with the projection of the vector [Xα0 ,X|β|] on m
γ1+mγ2
and thus it is non-zero. On the other hand, by relation (4.14), the space tj
′ lies in the Cartan
subalgebra hj of gj. Moreover, s
′ ⊂ f ⊂ h. Therefore, the vector pij(vs′) + vt′j lies in hj . Hence, by
relation (4.11) we obtain
[pij(vs′) + vt′j ,X|β|] ⊆ [hj ,m
|β|] ⊆ m|β|. (5.35)
Along with Equation (5.34), the fact that [
∑
α∈R+
Kj
Xα,X|β|] has non-zero projection on m
γ1 +mγ2
and the fact that |β| 6= γ1, γ2, relation (5.35) implies that the vector [pij(v),X|β|] has non-zero pro-
jection on mγ1+mγ2 . Moreover, since X|β| ∈ qj , we have [pij(v),X|β|] = pij([v,X|β|]). Therefore, the
vector [v,X|β|] has non-zero projection on m
γ1 +mγ2 . Along with the facts that v ∈ mλ, X|β| ∈ m|β|
and (mγ1 +mγ2) ∩ (mλ ⊕m|β|) = {0}, the last assertion implies that
(i) the space [mλ,m
|β|] has non-zero projection on (mλ ⊕m|β|)⊥.
On the other hand, both spaces mλ ⊆ p and m|β| ⊆ qj are ads-invariant; Indeed, because of the
ads-equivariance of A|p, any eigenspace mλ of A|p is ads-invariant, while [s,m|β|] = [pij(s),m|β|] ⊆
[hj ,m
|β|] ⊆ m|β|. Moreover,
(ii) A|mλ = λ Id and A|m|β| = λj Id (the latter equation follows from Proposition 5.3).
Taking into account (i) and (ii) and applying Lemma 2.10 we conclude that λ = λj for Case I).
For Case II), assume that
∑
α∈R+
Kj
Xα = 0 and vt′j 6= 0. Equation (5.34) implies that
pij(v) = pij(vs′) + vt′j . (5.36)
Since Case I) implies that λ = λj , applying Lemma 5.6 for V = p and W =
∑
α∈R+
Kj
mα yields
A|∑
α∈R+
Kj
mα = λj Id . (5.37)
Since vt′j 6= 0, there exists a root α0 ∈ R
+
Kj
such that α0(vt′j ) 6= 0 for otherwise, vt′j ∈ tj which is
impossible by the orthogonality of tj and t
′
j. On the other hand, the definition (5.25) of f and the
fact that s′ ⊂ f imply that pij(vs′) ∈ tj . Hence, the definition (4.13) of tj yields α0(pij(vs′)) = 0.
Along with Equation (5.36), we conclude that
α0(pij(v)) = α0(vt′j ) 6= 0. (5.38)
Choose a non-zero vector Xα0 ∈ mα0 . Relation (5.37) yields
AXα0 = λjXα0 . (5.39)
Since A|p defines a bi-invariant metric, Lemma 2.2 implies that [X,AX] = 0 for all X ∈ p and thus
[pij(X), pij(AX)] = 0 for all X ∈ p. (5.40)
Set X := v + Xα0 . By taking into account the fact that pij(Xα0) = Xα0 , the fact that Av = λv,
Equation (5.39), the fact that pij(v) ∈ tj ⊕ t′j = hj as well as Equation (4.11), we deduce that
Equation (5.40) for X is equivalent to
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0 = (λj − λ)[pij(v),Xα0 ] = (λj − λ)α0(pij(v))X¯α0 .
The above equation, along with relation (5.38) and the fact that X¯α0 6= 0 (given that Xα0 6= 0),
implies that λ = λj. This settles Case II). 
Proof of Proposition 5.5 By Propositions 5.3 and 5.4, the B-orthogonal complement (s′)⊥ =⊕k
j=1(pj ⊕ qj) of s′ in m is A-invariant. Hence, by taking into account the symmetry of A we
obtain
B
(
As′, (s′)⊥
)
= B
(
s′, A(s′)⊥
) ⊆ B(s′, (s′)⊥) = {0}.
Therefore, As′ is B-orthogonal to (s′)⊥ and thus the space s′ is A-invariant.
6. Proof of the main results
6.1. Proof of Theorem 1.1. We recall the notation of Section 5. For the sufficiency part of the
theorem, recall that any naturally reductive metric is a g.o. metric and the same is true for any
normal metric. For the necessity part, let g be a g.o. metric on G/S and let A be the corresponding
metric endomorphism satisfying g(X,Y )o = B(AX,Y ), X,Y ∈ m, where B is the negative of the
Killing form of g and m is the B-orthogonal complement of s in g. We will firstly prove that g is
naturally reductive.
Let S0 be the identity component of S, which is a torus in G. Then s is the Lie algebra of
both S and S0. Therefore, the space m can be identified with To(G/S
0), and the AdS-equivariant
endomorphism A : m → m also defines a G-invariant metric on G/S0. Since A is a g.o. metric on
G/S, Proposition 2.8 states that there exists a map ξ : m→ s such that
[ξ(X) +X,AX] = 0 for all X ∈ m, (6.41)
and thus A also defines a g.o. metric on G/S0. By Theorem 5.2, A has the form (5.28). We will
initially use this form to derive an equivalent condition to Equation (6.41).
In view of the decomposition g = g1 ⊕ · · · ⊕ gk and the fact that the projections pij : g→ gj are
homomorphisms, Equation (6.41) is equivalent to
[pij(ξ(X) +X), pij(AX)] = 0 for all X ∈ m and j = 1, . . . , k. (6.42)
Consider the decomposition m = s′ ⊕ (p1 ⊕ q1)⊕ · · · ⊕ (pk ⊕ qk). For X ∈ m, write
X = Xs′ + (Xp1 +Xq1) + · · ·+ (Xpk +Xqk),
according to the above decomposition, and observe that
pij(X) = pij(Xs′) +Xpj +Xqj and pij(AX) = pij(AXs′) + λj(Xpj +Xqj ), (6.43)
where the latter equation follows from (5.28). In view of the decomposition of qj in (4.10), write
Xqj =
∑
α∈R+
Mj
Xα, Xα ∈ mα. (6.44)
Moreover, the following equations are valid.
[
pij(ξ(X)),Xpj
]
= 0,
[
pij(Xs′),Xpj
]
= 0,
[
pij(AXs′),Xpj
]
= 0 and (6.45)[
pij(ξ(X)), pij(AXs′)
]
= 0,
[
pij(Xs′), pij(AXs′)
]
= 0. (6.46)
The first equation follows from the facts that Xpj ∈ kj , ξ(X) ∈ s and pij(s) is contained in the
center tj of kj (Lemma 5.1). The second equation follows also from the fact that pij(Xs′) ∈ tj,
given that s′ ⊂ f = t1 ⊕ · · · ⊕ tk. The third equation is true for the same reason, and by taking
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into account that s′ is A-invariant (Proposition 5.5). The fourth equation is also true because s′
is A-invariant, and because
[
pij(ξ(X)), pij(AXs′)
] ⊆ pij([s, s′]) ⊆ pij([f, f]) = {0}. Similarly, the fifth
equation holds because pij([s
′, s′]) = {0}.
By using the form (5.28) of A and relations (6.43) - (6.46), Equation (6.42) is equivalent to
∑
α∈R+
Mj
[Yj,Xα] = 0, where Yj = Yj(X) := λjpij(ξ(X)) +
(
pij ◦ (λj Id−A)
)
Xs′ . (6.47)
Since pij(ξ(X)) ∈ tj and (pij ◦ A)(s′) ⊆ pij(s′) ⊂ tj , the vector Yj lies in tj, and thus it lies in the
Cartan subalgebra hj of gj. Hence, by virtue of Equation (4.11), Equation (6.47) is equivalent to∑
α∈R+
Mj
α(Yj)X¯α = 0. In summary, we have arrived to the following conclusion.
Lemma 6.1. The following are equivalent:
(i) The endomorphism A given by Equation (5.28) defines a g.o. metric on G/S.
(ii) There exists a map ξ : m→ s such that all X ∈ m satisfy
[ξ(X) +X,AX] = 0.
(iii) There exists a map ξ : m→ s such that all vectors X ∈ m satisfy∑
α∈R+
Mj
α
(
Yj(X)
)
X¯α = 0, j = 1, . . . , k, (6.48)
where
∑
α∈R+
Mj
Xα is the projection Xqj of X on qj and
Yj(X) = pij
(
λjξ(X) + (λj Id−A)(Xs′)
)
, j = 1, . . . , k, (6.49)
where Xs′ is the projection of X on s
′.
Continuing with the main proof, since A defines a g.o. metric, there exists a map ξ : m→ s such
that Equation (6.48) is satisfied. To prove that A is naturally reductive, by virtue of Proposition
2.9 and the equivalence of parts (ii) and (iii) in Lemma 6.1, it suffices to find an AdS-equivariant
linear map ξ˜ : m → s, possibly different from ξ, such that Equation (6.48) remains true for
Yj(X) = pij
(
λj ξ˜(X) + (λj Id−A)(Xs′)
)
.
In view of the decomposition m = s′⊕p⊕q, writeX = X(Xs′ ,Xp,Xq), whereXp = Xp1+· · ·+Xpk
and Xq = Xq1 + · · ·+Xqk . Moreover, write
ξ(X) = ξ(Xs′ ,Xp,Xq) and Yj(X) = Yj(Xs′ ,Xp,Xq).
We will choose the new map ξ˜ : m→ s in such a way that it will be independent from Xp and Xq,
and will depend only on Xs′ . To this end, fix the vector X
0
p := 0 and vectors X
0
qj
:=
∑
α∈R+
Mj
Xα,
j = 1, . . . , k, such that Xα 6= 0 (and thus X¯α 6= 0) for all α ∈ R+Mj . Set X0q :=
∑k
j=1X
0
qj
and
X0 := X
(
Xs′ ,X
0
p ,X
0
q
)
.
Since X0p ,X
0
q are fixed, X
0 depends only on Xs′ . Since A is a g.o. metric and since the vectors
X¯α, α ∈ RMj , are linearly independent and non-zero for all α ∈ RMj (due to the choice of X0qj ),
Equation (6.48) for X = X0 yields
α
(
Yj(X
0)
)
= 0,
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for all α ∈ R+Mj and for all j = 1, . . . , k. Hence, by virtue of decomposition (4.10) for qj and relation
(4.11), we obtain [Yj(X
0), qj ] = {0}. On the other hand, as discussed above, each vector Yj(X0),
j = 1, . . . , k, lies in the center tj of kj . We conclude that Yj(X
0) lies in the center of gj = kj ⊕ qj .
Since gj is simple, Yj(X
0) = 0 for all j = 1, . . . , k. Therefore, Equation (6.49) for X = X0 yields
(pij ◦ ξ)(X0) = 1
λj
(
pij ◦ (A− λj Id)
)
(Xs′). (6.50)
We introduce the map ξ˜ : m→ s, defined by
ξ˜(X) := ξ(X0) for X = X
(
Xs′ ,Xp,Xq
) ∈ m. (6.51)
The map ξ˜ is well-defined because the image of ξ lies in s. Moreover, Equation (6.50) yields
ξ˜(X) =
k∑
j=1
(pij ◦ ξ)(X0) =
k∑
j=1
1
λj
(
pij ◦ (A− λj Id)
)
(Xs′). (6.52)
The map ξ˜ satisfies the following properties:
1) Since X0 depends only on Xs′ , ξ˜ also depends only on Xs′ . Therefore ξ˜(X) = ξ˜(Xs′).
2) By Equation (6.52), ξ˜ is linear on s′. Hence, by property 1) ξ˜ is linear on m.
3) The map ξ˜ is AdS-equivariant (and thus AdS0-equivariant).
Indeed, [X,pij(Y )] = [pij(X), pij(Y )] = pij([X,Y ]) for all X,Y ∈ g. Therefore, given that G is con-
nected, each map pij is AdG-equivariant and thus AdS-equivariant. Moreover, A is AdS-equivariant.
Therefore, by relation (6.52) it follows that ξ˜ is AdS-equivariant.
4) The vector ξ˜(X) +X satisfies the equation
[ξ˜(X) +X,AX] = 0. (6.53)
Indeed, by Lemma 6.1, Equation (6.53) is equivalent to Equation (6.48), where
∑
α∈R+
Mj
X¯α is the
projection Xqj of X on qj and Yj(X) = pij
(
λj ξ˜(X)+(λj Id−A)(Xs′)
)
. On the other hand, relation
(6.52) implies that λj(pij ◦ ξ˜)(X) = λj(pij ◦ ξ)(X0) =
(
pij ◦ (A− λj Id)
)
(Xs′) and hence Yj(X) = 0.
Therefore, Equation (6.48) is trivially satisfied, which verifies Equation (6.53).
From properties 2), 3) and 4) and Proposition 2.9, we conclude that A defines a naturally re-
ductive metric (on both spaces G/S and G/S0). Hence, we obtain the first part of Theorem 1.1.
It remains to show that any g.o. metric g on G/S is a normal metric. The first part of the theorem
implies that g is naturally reductive with respect to some reductive decomposition g = s ⊕ m˜. In
view of Proposition 2.9 and the proof of the first part of the theorem, we have
m˜ = {ξ˜(X) +X : X ∈ m}, (6.54)
where ξ˜ is defined by (6.51). We claim the following.
Claim 6.2. For each j = 1, . . . , k, there exist a non-zero subspace Vj of gj such that for any
naturally reductive metric g on G/S, with respect to some decomposition g = s⊕ m˜, Vj ⊂ m˜.
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Proof of Claim 6.2. Choose a j = 1, . . . , k, and consider the subalgebra kj = k ∩ gj. If kj = gj
then set Vj := gj. Since gj is centerless, tj = {0}. Therefore, in view of relations (4.15) and
(5.26), we obtain pj = kj = Vj, and thus Vj ⊂ m. Along with the fact that the corresponding
metric endomorphism A of g has the form (5.28), we deduce that A|Vj = λj Id for some λj > 0.
Then relation (6.52) yields ξ˜(Vj) = {0}. Therefore, by relation (6.54) and the fact that Vj ⊂ m
we conclude that Vj ⊂ m˜. If kj ( gj , then set Vj := qj , i.e. Vj is the B-orthogonal complement
of kj in gj . Then Vj ⊂ m. Moreover, the necessary form (5.28) of the metric endomorphism A
yields A|Vj = λj Id. Again we have ξ˜(Vj) = {0}, and thus Vj ⊂ m˜. In any case, we conclude that
there exists a non-zero space Vj ⊆ gj such that Vj ⊂ m˜. Finally, we remark that the choice of Vj is
independent of g, which concludes the proof of the claim. 
Continuing with the proof of the second part of Theorem 1.1, G/S is connected as G is connected.
Moreover, since G is semisimple and S is abelian, G acts almost effectively on G/S (G does not
contain non-discrete abelian normal subgroups). Since g is naturally reductive with respect to the
decomposition g = s⊕ m˜, by virtue of Theorem 2.6, the space g˜ := m˜+ [m˜, m˜] is an ideal of g such
that the corresponding subgroup G˜ of G acts transitively on G/S. Moreover, there exists a unique
Ad
G˜
-invariant, symmetric, non-degenerate bilinear form Q on g˜ such that
Q(s ∩ g˜, m˜) = {0} and g(X,Y )o = Q(X,Y ) for all X,Y ∈ m˜. (6.55)
Since g˜ is an ideal of the semisimple algebra g, it has the form g˜ = gi1 ⊕ · · · ⊕ gis , s ≤ k. But
Claim 6.2 implies that m˜ has non-zero projection on gj for all j = 1, . . . , k. Along with the fact
that m˜ ⊂ g˜, we deduce that s = k and hence g = g˜. Therefore, by Proposition 2.7, Q has the form
Q = µ1B|g1×g1 + · · ·+ µkB|gk×gk , µj ∈ R∗. (6.56)
To prove that the metric g is normal, it remains to show that Q is positive definite, or equivalently
that µj > 0, j = 1, . . . , k. Indeed, by considering for each j the subspace Vj of m˜ obtained in Claim
6.2 and by taking into account that Q is positive definite on m˜ (relation (6.55)), we deduce that
Q|Vj×Vj is positive definite. By relation (6.56), Q|Vj×Vj = µjB|Vj×Vj . Therefore, µj > 0, which
concludes the proof of Theorem 1.1.
6.2. Proof of Corollary 1.2. By taking into account Theorem 1.1, Definition 2.3 and Proposition
2.7, we deduce that g is a g.o. metric if and only if g( , )o is the restriction Q|m˜×m˜ of an inner
product of the form Q =
∑k
j=1 µjB|gj×gj , where B is the negative of the Killing form of g and
m˜ is the Q-orthogonal complement of s in g. It remains to show that if Q′ =
∑k
j=1 µ
′
j B|gj×gj
is an Ad-invariant inner product on g which is different from Q up to homothety and m˜′ is the
Q′-orthogonal complement of s in g, then Q|m˜×m˜ and Q′|m˜′×m˜′ define different metrics on G/S up
to homothety. Since the products Q and Q′ are different up to homothety, then G is non-simple
and we may assume (after normalizing the metrics) that µ1 = 1 and that there exists an index
j0 = 2, . . . , k such that µj0 6= µ′j0 . Choose the non-zero spaces V1, Vj0 , obtained in Claim 6.2.
Then V1 ⊂ g1, Vj0 ⊂ gj0 , and V1, Vj0 ⊂ m˜, m˜′. Therefore, Q|V1×V1 = B|V1×V1 = Q′|V1×V1 , while
Q|Vj0×Vj0 = µj0B|Vj0×Vj0 6= µ
′
j0
B|Vj0×Vj0 = Q
′|Vj0×Vj0 . Hence, the metrics Q|m˜×m˜, Q
′|m˜′×m˜′ are
different up to homothety.
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